Available online at www.sciencedirect.com

IENCE DIRECT?® DISCRETE
sorener @ninee APPLIED

e MATHEMATICS
ELSEVIER Discrete Applied Mathematics 148 (2005) 171—180

www.elsevier.com/locate/dam

A class of acyclic digraphs with interval
competition graphs

Han Hyuk Cho, Suh-Ryung Kiin

Department of Mathematics Education, Seoul National University, Seoul 151-742, San 56-1 Sillim-dong,
Kwanak-gu, Republic of Korea

Received 9 April 2003; received in revised form 14 February 2005; accepted 15 February 2005
Available online 2 April 2005

Abstract

Let D be an acyclic digraph. The competition grapHofas the same set of verticeslasnd an
edge between verticesandv if and only if there is a vertexin D such thatu, x) and(v, x) are arcs
of D. In this paper, we show that the competition graphs of doubly partial orders are interval graphs.
We also show that an interval graph together with enough isolated vertices is the competition graph of
a doubly partial order. Finally, we introduce a new notion called the doubly partial order competition
number of an interval graph and present some open questions.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Given a digraphD = (V, A), thecompetition graptG = C (D) of D has the same vertex
set and has an edgg if for some vertexu € V, the arcSx, u) and(y, u) are inD. The
notion of the competition graph is due to CoHehand has arisen from ecology.faod
webin an ecosystem is a digraph whose vertices are the species of the system and which
has an arc from vertaxto vertexv if and only if u prey onv. Given a food welf-, it is said
that speciesl andv compete if and only if they have a common prey. Competition graphs
also have applications in coding, radio transmission, and modelling of complex economic
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systems. (Sefl6,18] for a summary of these applications d6d for a sample paper on
the modelling application.)

We say a grapl® is aninterval graphif it is the intersection graph of some family of
intervals on the real line. Cohg®-4] observed empirically that most competition graphs
of acyclic digraphs representing food webs are interval graphs. R¢bé}ssked whether
or not Cohen’s observation was just an artifact of the construction and concluded that it
was not by showing that i& is an arbitrary graph, the@ together with as many isolated
vertices as the edges @Gfis the competition graph of an acyclic digraph(Add a vertex,,
corresponding to each edge- {a, b} of G, and draw arcs frormandbtoi,.) He then asked
for a characterization of acyclic digrafih whose competition graphS(D) are interval
graphs. Since then the problem has remained elusive and it has been the basic open problem
in the study of competition graphs. There have been efforts at settling the problem and some
progress has been made. Cofrapproached the problem from a statistical point of view,
trying to build statistical models for the construction®o thatC (D) is (likely to be) an
interval graph. Steif21] showed that there could be no forbidden subgraph characterization
of acyclic digraphs whose competition graphs are interval. Lundgren and MEh3jemve
some results which characterize such a digfapBut these results essentially boiled down
to calculatingC (D) and using one of the well-known (and efficient) characterizations of
an interval graph. While this solves the problem, it is not what we want: a characterization
in terms of properties dD. Since the general problem of characterizing acyclic digraphs
whose competition graphs are interval seems difficult, Hefner & attacked it by putting
a constraint on both the indegrees and outdegreBs of

The study on acyclic digraphs whose competition graphs are interval led to several new
problems and applications. One of them is to characterize competition graphs of an inter-
esting family of digraphs. There have been a number of papers about competition graphs
of specific classes of digraphs. For instance, competition graphs of acyclic digraphs have
been studied irj1,19], of arbitrary digraphs with or without loops {i,12], of strongly
connected digraphs ifp], of Hamiltonian digraphs if5,7], of interval digraphs if11],
for various classes of symmetric digraphg14—16] of semiorders, of acyclic digraphs
satisfying propertyC(p), and of acyclic digraphs satisfying propei® (p) in [10]. By
means of extending the results obtainefllid], Roberts (pers. comm.) proposed a problem
of characterizing competition graphs of doubly partial orders. While we tried to answer
his question, we could show that the competition graphs of doubly partial orders are in-
terval graphs. We also show that an interval graph together with enough isolated vertices
is the competition graph of a doubly partial order. The authors believe that these results
make a significant contribution to the problem of characterizing acyclic digraphs whose
competition graphs are interval.

The vast literature of competition graphs is summarized in the survey paper by
Lundgren[12] and Kim[9].

2. Main results

After Kim and Robert$10] characterized competition graphs of semiorders and interval
orders, they introduced acyclic digraphs satisfying) andC*(p) as generalizations of
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Fig. 1. A doubly partial ordeD and a doubly partial order on a subsef% which is isomorphic td.

c (D)

Fig. 2. The competition graph of the doubly partial orBegiven inFig. 1

semiorders. Then Roberts (pers. comm.) proposed a problem of characterizing the compe-
tition graphs of doubly partial orders, another generalization of semiorders.
ArelationRon a subseBof R? is adoubly partial order on $ (x, y)R(z, w) whenever
x <zandy <w for (x, y), (z, w) € S. AdigraphD is called adoubly partial orderf D is
isomorphic to a digraph of a doubly partial order relat®on a subset oR? (seeFig. 1
for example).
We say that a grapls is the competition graph of a doubly partial ordef there is
a doubly partial ordeb such thatG is isomorphic to the competition graph bt (See
Fig. 2for example.)



174 H.H. Cho, S.-R. Kim / Discrete Applied Mathematics 148 (2005) 171-180

u(1,6)
V(2,5 J()
‘4/4 w(44 )
t(0}4) / Jw) )
‘/é ' y(512) LS/ T
< J2)
s12) /%5,1) — — —
4 -3 -2-10 1 2 3 4
aG.L)
.

h(4,0)

Fig. 3. A doubly partial order and the intervals assigned to vertices with outgoing arcs as instructed in the proof
of Theorem 1.

Theorem 1. Competition graphs of a digraph of a doubly partial order are interval graphs.

Proof. LetG be the competition graph of a digraptof doubly partial order on a subset of

R2. We shall give an interval assignment to each vertex soGiatthe intersection of the
family of those intervals. We may disregard the isolated vertic&s @ we can assign an
interval to an isolated vertex that does not overlap with any other intervals. In this context,
we may ignore vertices with no outgoing arcs. Now given (non-isolated) vertex of

D, leti(x, y) be the smallest one amdx, y) be the greatest one among the members of

{b—a|l(a,b)is a prey of(x, y)}.

Now assign closed intervél(x, y), r(x, y)] to (x, y) (seeFig. 3for illustration). Since
(x, y) is not isolated, there exists a vertex b) such that

(a<x)AN(b<y).

Sincel(x, y)<b — a<r(x,y), [l(x,y),r(x,y)] # @, we will show that the graph
obtained by deleting all the isolated vertices fr@nis the intersection graph of the family
of these intervals.

Take two adjacent vertices, y) and(z, w) of C(D). Then there exists a vertéx, b)
such that

(a <min{x, z}) A (b <min{y, w}).

By definition,

(max{l(x, y), l[(z, w)} <b —a) A(Min{r(x, y), r(z, w)}2b —a)
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and therefore
b—ace€ll(x,y),r(x, IN[z, w),rz w)l

Now suppose that two non-isolated verti¢esy) and(z, w) are non-adjacent. Then<z
andy>w, orx >z andy <w. For, otherwise, a prey of one is that of the other and so two
vertices are adjacent ifi( D), contradiction. We may assume that z andy > w. Suppose
that there exists a real numhdrelonging to/(x, y), r(x, y)I N [I(z, w), r(z, w)]. We will
reach a contradiction. By definition, there exists pi@yb), (c, d) of (x, y) such that

b—a<t<d-—c
and prey(e, f) and(g, h) of (z, w) such that
f—e<t<h—g.
From the two inequalities above,
b—a<h-—g. (2)

Since(a, b) and(c, d) are prey of(x, y), x > maXa, c}. Similarly, w > max f, h}. Since
y>w andz >x, it is true thaty > max f, h} andz > max{a, c}. Suppose that <g and
w <b. Thena < g andh < b and therefore

h—g<b—a,

which contradicts inequality (1). Thus,> g or w > b, which implies that eitheg, i) or
(a, b) is a common prey ofx, y) and(z, w), which is a contradiction. [J

Now it is natural to ask if given an interval graph, there is a doubly partial order whose
competition graph i&. The answer is yes as long as we are allowed to add enough vertices
to G.

Theorem 2. An interval graph with sufficiently many isolated vertices is the competition
graph of a doubly partial order.

Proof. Take an interval grapf® and letJ be an interval assignment for the vertice<3of
We may assume that all the intervals are open.and = J(w) for distinct vertice» and
w of G. Without loss of generalityi; has no isolated vertices. We define two functibasd
r from V(G) to R as follows: given a vertex of G, we defind (v) (respectivelyr (v)) by
the coordinate of the left (respectively, right) boundary 6f). Without loss of generality,
we may assume that nfit{x) | x € V(G)} = 0. Let

M =maxr(x)|x € V(G)).
Now we assign an ordered pair to each veitet V (G)

(r(v), M —1(v)).
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Fig. 4. Interval graphG and an interval assignment to the verticesGfIn this example,f («) = (7,0.8),
fv) =(6528), f(w) = (43,53), f(p) = (46,3, f(g) = (7.7, f(r) = (65,6.7), f(x) = (46,56),
f) =@57), f2)=Q,7),8(pg) =g(pr) =g(px) = g(pw) = (4,2.7), g(y2) = g(yq) = g(zq) = (0, 6),
gug) = glur) = guv) = (6.2,0.5), gvg) = gr) = gx) = glvw) = glpv) = (42,27),
gwq)=g(wr)=g(wx)=g(wy)=(1.7,4.5), g(rq) =g (yr)=g(zr)=(0.3, 6), g (xq) =g (xr)=g (xy) = (1.4, 4.5).

We denote by the above one-to-one function from(G) to R?. Now, given an edgew of
G, we definen(vw) by

min{r(z)|r(z) € J(v) N J(w), z € V(G)} if there is a vertex
z in V(G) such that
r(z) € J(v) N J(w),
M otherwise

m(vw) =

Then we assignw an ordered pair
(max{l(v), [(w)}, M — min{r (v), r(w), m(vw)}).

We denote by the above function fronk (G) to R?. (SeeFig. 4for an illustration.)

Let 3 be the setf (V(G)) U g(E(G)). We shall show that the competition graph of the
doubly partial ordeD on 3 is G together with some isolated vertices.

We first show that any vertex i E(G)) is isolated inC (D). Suppose that there is an
arc fromg (vw) to f(x). Thenr(x) < max{i(v), [(w)} and mir{r (v), r(w), m(vw)} < I(x).
Sincel(x) < r(x), min{r(v), r(w), m(vw)} <maxXl(v), [(w)}, which is a contradiction.
Thus, there is no arc from a vertexgiiE (G)) to a vertex inf (V (G)).

Now take two verticeg (vw) andg(xy) in g(E(G)). Suppose that mdkv), [(w)} <
max{l(x), [(y)}. f max{l(x), [(y)} € J(v) N J(w), then

min{r (v), r(w), m(vw)}< Min{r(x), r(y), m(xy)}.
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For, otherwise, let

r(z*) = min{r(x), r(y), m(xy)}.
Then

r(Z") < min{r (v), r(w), m(vw)}

by the hypothesis. Thereforgz*) < min{r(v), r(w)}. Since max (x), [(y)} <r(z*) and
max{l(v), [(w)} < max{l(x), [(y)}, itis true that may (v), [(w)} <r(z*) and sor(z*) €
J(v) N J(w). Then mirr (v), r(w), m(vw)} <r(z*) and we reach a contradiction.

If max{l(x), (y)} ¢ J(v) N J(w), then mir(r(v), r(w)} < max{l(x), [(y)} and

min{r (v), r(w), m(vw)} < min{r(v), r(w)}
< maxi(x), [(y)} <min{r(x), r(y), m(xy)}.

In both cases, we have shown that there is no arc ffGmw) to g(xy). Sinceg(vw) and
g(xy) are arbitrarily chosen, we can conclude that there is no arc going from a vertex to
another ing(E(G)).

Hence we have shown that there is no outgoing arc from a vertg§inG)) and so any
vertex ing(E(G)) is isolated.

We take any two vertices afandw in V (G). We first suppose thatandw are adjacent
in G. Thenv andw correspond to ordered pairs

f) = W), M —1(v))
and

fw) = (r(w), M —l(w)),

respectively. Since they are adjacent, there exists a vertex
gw) = (max{/(v), [(w)}, M — min{r (v), r(w), m(vw)})

in D. Since v and w are adjacent inG, J(v) and J(w) intersect and therefore
max{l(v), [(w)} < min{r(v), r(w)}. (Note thatJ(v) and J(w) are open.) Moreover,
max{(v), [(w)} < min{r(v), r(w), m(vw)}. Thus,g(vw) is a common prey off (v) and
f(w) inD.

Now suppose that andw are non-adjacent i®. ThenJ (v) N J(w) = ¥ and so either
r(w) <Il(v) orr(v) <Il(w). We will show thatf (v) and f (w) do not have a common prey.
If f(v) does not have a prey, then it is trivially true. Now suppose fi{ab has a prey
(a, b). Thena <r(v) andb < M — I(v), and eithera, b) = g(uy) for someu, y € V(G)
or (a,b) = f(x) for somex. Suppose thata, b) = g(uy) for someu,y € V(G) and so
a=maxl(u),l(y)} andb =M — min{r(u), r(y), m(uy)}. Then

max{(u), [(y)} <r(v)
and

[(v) <min{r(u), r(y), m(uy)}.
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If r(w) <I(v), thenr(w) < min{r(u), r(y), m(uy)}, whichimplies that (w) < min{r («),
rm}. If a<r(w), thenr(w) € J(u) N J(y) and m(uy) <r(w), which is a contra-
diction. Thus,a>r(w) and so(a, b) cannot be a prey off (w). If r(v)</(w), then
max{l(u), [(y)} <I(w). Suppose thal(w) < min{r(u), r(y), m(uy)}. Then

r(v) <min{r(), r(y), m(uy)}.
Sincea < r(v), itis true that-(v) € J () N J(y) and so
min{r (u), r(y), m(uy)} <r(v),

which is a contradiction. Thug(w) > min{r(u), r(y), m(uy)} and so(a, b) cannot be a
prey of f(w). Now suppose thau, b) = f(x) for somex € V(G). Thenr(x) < r(v) and
[(v) <Il(x). If r(w)<Il(v), thenr(w) < (x) and therefore (w) < r(x), which implies that
(a, b) cannot be a prey of (w). If r(v) <Il(w), thenr(x) < I(w) and thereforé(x) < I(w).
ThenM —I(x) > M — [(w), which implies tha{a, b) cannot be a prey of (w). Thus, no
prey of f(v) can be a prey off (w). As the situation is symmetric in andw, any prey

of f(w) cannot be a prey of (v). HenceG together with some isolated vertices added is
isomorphic to the competition graph of the doubly partial ofdeand this completes the
proof. O

3. Concluding remarks

Given an interval grapks, Theorem 2 tells us thd® is a component of grap&’ that
containsG together withk isolated vertices and that is the competition graph of a doubly
partial order. Given an interval gra@ let Z(G) be the family of acyclic digraphs whose
competition graph is5 together withk isolated vertices for somlke Finding properties
shared by the digraphs i@ (G) will help in characterizing an acyclic digragh whose
competition grapl€ (D) is interval. We know from Theorem 2 that there is a doubly partial
order inZ(G). As the competition number of an interval graph is one, there is an acyclic
digraph inZ(G) with k = 1. It would be interesting to ask: what is the smallest nunkber
such that the competition graph of a doubly partial order (&) is G together withk added
isolated vertices? To answer this question, we definelthubly partial order competition
numberp(G) of an interval grapltG by the smallest numbgrsuch thaG together withp
added isolated vertices is isomorphic to the competition graph of a doubly partial order. It
is analogous to the notion of the competition numh@r) of a graphG that is the smallest
numberk such thatG together withk added isolated vertices is the competition graph of
an acyclic digraph. (Answering Roberts’ first question, that of characterizing competition
graphs of acyclic digraphs, leads to computing the competition number of a graph.) It is
interesting to find the doubly partial order competition number of various interval graphs.
It is obvious that the doubly partial order competition number of a complete graph with at
least two vertices is the same as its competition number. However, the doubly partial order
competition number of patkyzof length two has to be greater than one. Supposeltst
a doubly partial order whose competition number is isomorphigytogether with some
isolated vertices. Suppoggy, zcorrespond tdx1, x2), (v1, y2), (z1, z2), respectively. Then
eitherx; <z1 andxz >z2 or x1 >z1 andzz < z2, for, otherwise, a prey of one is that of the
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Fig. 5. Doubly partial ordeD whose competition graph 83 together with two isolated vertices.

other and s andz are adjacent i€’ (D), a contradiction. This implies that a common prey
of (x1, x2) and(yz1, y2) and a common prey 6f1, y») and(z1, z2) which are distinct cannot
be any ofx, y, or z. Thus, the doubly partial order competition numbePgfof length 2 is
two as shown irig. 5. It is not difficult to show that the doubly partial order competition
number of a pattP, isn — 1.
Itis also interesting to ask: is there always an acyclic interval digraphi(®)? (Sed20]
for the definition of an interval digraph.) Do these digraph&ifG) have any properties
in common? We have shown that there is a doubly partial orderindthn — 1 in Z(P,).
How does this digraph compare to a digraph that we obtain by adding one isolated vertex?
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